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Outline

• Discrete mass, momentum, and energy conservation strategy
– Collision operator
– Vlasov equation with grid adaptivity

• Verification studies
– Single species standing shock 
– Two species shock break out through density jump/drop
– Shock reflection in planar geometry
– Two species high Z interface mixing
– Spherical geometry converging shock problem

• Next steps
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Rosenbluth-Fokker-Planck collision operator:
simultaneous conservation of mass, momentum, 

and energy
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Rosenbluth-FP collision operator:
conservation properties results from symmetries
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Introducing these terms in the collision operator, and noting that the normalized collision operator is:

bC↵� = v3th,↵C↵� , (2.5.9)
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2.6 Treatment of Rosenbluth Potentials between Cross Species
Velocity Space

2.7 Conservative Discretization

We develop a mass, momentum, and energy conserving discretization for the Fokker-Planck operator.

2.7.1 Discrete Mass Conservation Scheme

First, recall the continuum mass conservation statement,
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Here, the surface integral requires the evaluation of the collisional fluxes at the velocity boundaries to be
zero. In the discrete, we do the exactly identical treatment by numerically setting the fluxes to zero at the
boundary.

2.7.2 Discrete Momentum Conservation Scheme

For momentum conservation, the following relation must hold:
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2V Rosenbluth-FP collision operator:
numerical conservation of energy
• The symmetry to enforce is:

• Due to discretization error:

• Introduce a constraint coefficient:
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[1] W.T. Taitano, JCP 297, pp.357-380 (2015)
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• Simultaneous conservation of momentum and energy:

with:

2V Rosenbluth-FP collision operator:
numerical conservation of momentum+energy
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Vlasov equation: Inertial term simultaneous 
conservation of mass, momentum, and energy
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Adaptive grids: vth adaptivity in velocity 
and Lagrangian mesh in position 

v

x

Resolved cold

distribution

Resolved hot

distribution

dv
th
/dt > 0

dv
th
/dt < 0

vth adaptive Mesh
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Adaptivity introduces inertial terms 
in the conservation equation 
• VRFP equation in transformed coordinates

Inertial terms due 
to vth adaptivity
and Lagrangian
mesh
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• Focus on temporal inertial terms due to normalization wrt vth(r,t) (OD):

• Mass conservation can be trivially shown by 0th velocity space moment:

FP equation with adaptivity in velocity 
space: Temporal inertial terms
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2.8 Conservative Discretization with Velocity Space Adaptivity

We discuss the development of a conservative discretization for the 0D conservation equation with velocity
space adaptivity. We begin by developing an independent mass, momentum, and energy conserving scheme,
then develop a mass and momentum scheme, and finally develop a simultaneous mass, momentum, and
energy conserving discretization scheme.

2.8.1 Velocity Space Adaptivity: Exact Mass Conservation

We show that mass conservation is trivially enforced for the new conservation equation shown in equation
(2.4.1) for a 0D case. Ignoring the collision operator (as can be shown to be play no role in the proof of

conservation properties with mesh adaptivity), and expanding
p
gv, v̇||, v̇?, and using v = vth,↵bv; f↵ = bf/v3th,↵,

we obtain:
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Mass conservation can be shown by taking the 0th moment of the above equation:
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Mass conservation is enforced as long as the divergence operator in velocity space is discretized such that the
velocity space flux at the boundary is set to zero.

2.8.2 Velocity Space Adaptivity: Exact Momentum Conservation

We derive the exact momentum conservation scheme of the new conservation equation shown in equation
(2.4.1) for a 0D case. We begin with equation (2.8.3),
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We discuss the development of a conservative discretization for the 0D conservation equation with velocity
space adaptivity. We begin by developing an independent mass, momentum, and energy conserving scheme,
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Mass conservation can be shown by taking the 0th moment of the above equation:
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Mass conservation is enforced as long as the divergence operator in velocity space is discretized such that the
velocity space flux at the boundary is set to zero.

2.8.2 Velocity Space Adaptivity: Exact Momentum Conservation

We derive the exact momentum conservation scheme of the new conservation equation shown in equation
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Momentum conservation can be shown by taking the first velocity moment of the above equation:
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Here, the first velocity space moment of bf↵ and brv ·
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The ⌥
t,↵

factor enforces a component wise momentum conservation, however, ⌥?,↵ = 1 due to cylindrical

symmetry (i.e. perpendicular component of momentum is automatically conserved due to symmetry).

2.8.3 Velocity Space Adaptivity: Exact Energy Conservation

We derive the exact momentum conservation scheme of the new conservation equation shown in equation
(2.4.1) for a 0D case. We begin with equation (2.8.3),
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Energy conservation can be shown by taking the trace of the 2nd velocity moment of the above equation:
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The important property one must enforce is that the 2nd moment of bf↵ and
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other out. In the discrete, this is generally not possible. In order to enforce exact energy conservation, we
modify equation (2.8.10) as:
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2.8.4 Velocity Space Adaptivity: Exact Mass and Momentum Conservation

Up to this point, we have discussed the development of a separate mass, momentum, and energy conserving
scheme for a velocity space adaptive mesh scheme. We now extend the discretization scheme to a simultaneous
mass and moment conserving scheme. In the development of the exact momentum conserving scheme, we
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which is precisely a statement of mass conservation. However, in order for this expression to take place, we
require the chain rule shown in equation (2.8.15) to hold. In the discrete, the chain rule will not be satisfied
exactly. In order to enforce the chain rule exactly, we modify equation (2.8.7) as:
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which acts to enforce the chain rule shown in equation (2.8.15) exactly in the discrete. Note that unlike the
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factor which is a global (moment) quantity, ⌘t,↵ is a local term in phase-space (a function of v). With

⌘t,↵ defined as a source in the conservation equation, this does not rigorously enforce momentum conservation
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Energy conservation shown from 2nd velocity moment:

This property relies on:

This property must be enforced numerically:
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We prove that equation (2.8.17) will enforce exact mass and momentum conservation in the discrete.
Taking the 1st velocity moment of equation (2.8.17):
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mass conservation is shown. We also show that the addition of ⌘t,↵ does not break local mass conservation
property. By substituting equation (2.8.18) into equation (2.8.17), we obtain:
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which is in a purely conservative form.

2.8.5 Velocity Space Adaptivity: Exact Mass, Momentum, and Energy Conser-
vation

Finally, we develop a simultaneous mass, momentum, and energy conserving scheme with velocity space
adaptivity. We perform a recursive enslavement of the mass and momentum conserving equation (equation
(2.8.17)) into the energy conserving equation (equation (2.8.12)), by introducing a discrete consistency source,
⇠t,↵:
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with,
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and �t,↵ redefined to take into account of ⇠t,↵ as:
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Here, ⌘t,↵ is defined in equation (2.8.18), and ⌥
t,↵

is defined as:
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• Rewrite as:

All conservation law can be enforced
via recursive application of chain rule

and
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2.8 Conservative Discretization with Velocity Space Adaptivity

We discuss the development of a conservative discretization for the 0D conservation equation with velocity
space adaptivity. We begin by developing an independent mass, momentum, and energy conserving scheme,
then develop a mass and momentum scheme, and finally develop a simultaneous mass, momentum, and
energy conserving discretization scheme.

2.8.1 Velocity Space Adaptivity: Exact Mass Conservation

We show that mass conservation is trivially enforced for the new conservation equation shown in equation
(2.4.1) for a 0D case. Ignoring the collision operator (as can be shown to be play no role in the proof of

conservation properties with mesh adaptivity), and expanding
p
gv, v̇||, v̇?, and using v = vth,↵bv; f↵ = bf/v3th,↵,

we obtain:
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which can be simplified as:
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Since, @tlnT↵ = T�1

↵ @tT↵, and T↵ ⌘ v2th,↵, by multiplying the entire equation by v2th,↵ (the motive will be
clear in a while) we obtain:
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Mass conservation can be shown by taking the 0th moment of the above equation:
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Mass conservation is enforced as long as the divergence operator in velocity space is discretized such that the
velocity space flux at the boundary is set to zero.

2.8.2 Velocity Space Adaptivity: Exact Momentum Conservation

We derive the exact momentum conservation scheme of the new conservation equation shown in equation
(2.4.1) for a 0D case. We begin with equation (2.8.3),
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Truncation 
error

We prove that equation (2.8.17) will enforce exact mass and momentum conservation in the discrete.
Taking the 1st velocity moment of equation (2.8.17):
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momentum conservation is shown. Now, taking the 0th moment, we obtain:
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= v2th,↵@tn↵ = 0, (2.8.22)

mass conservation is shown. We also show that the addition of ⌘t,↵ does not break local mass conservation
property. By substituting equation (2.8.18) into equation (2.8.17), we obtain:
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which is in a purely conservative form.

2.8.5 Velocity Space Adaptivity: Exact Mass, Momentum, and Energy Conser-
vation

Finally, we develop a simultaneous mass, momentum, and energy conserving scheme with velocity space
adaptivity. We perform a recursive enslavement of the mass and momentum conserving equation (equation
(2.8.17)) into the energy conserving equation (equation (2.8.12)), by introducing a discrete consistency source,
⇠t,↵:
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with,
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and �t,↵ redefined to take into account of ⇠t,↵ as:
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Here, ⌘t,↵ is defined in equation (2.8.18), and ⌥
t,↵

is defined as:
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where,
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[2] W.T. Taitano, JCP accepted (2016)

The important property one must enforce is that the 2nd moment of bf↵ and
brv

2

·
⇣

~
bv bf↵

⌘

must cancel each

other out. In the discrete, this is generally not possible. In order to enforce exact energy conservation, we
modify equation (2.8.10) as:
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Here, �t,↵ is the constraint coe�cient that enforces exact cancellation between the 2nd moments of bf↵ and
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2.8.4 Velocity Space Adaptivity: Exact Mass and Momentum Conservation

Up to this point, we have discussed the development of a separate mass, momentum, and energy conserving
scheme for a velocity space adaptive mesh scheme. We now extend the discretization scheme to a simultaneous
mass and moment conserving scheme. In the development of the exact momentum conserving scheme, we

recognized that in the discrete, the 1st velocity moments of bf↵ and brv ·
⇣

~
bv bf↵

⌘

may not cancel exactly, hence

introducing the ⌥
t,↵

factor in brv ·
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. In a similar spirit if one takes the 0th velocity moment of equation

(2.8.7), one obtains:
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In the continuum, we can perform the following manipulation,

@t (vth,↵n↵) = vth,↵@tn↵ + @tvth,↵n↵. (2.8.15)

Substituting this expression into equation (2.8.14), we obtain:

v2th,↵@tn↵ = 0, (2.8.16)

which is precisely a statement of mass conservation. However, in order for this expression to take place, we
require the chain rule shown in equation (2.8.15) to hold. In the discrete, the chain rule will not be satisfied
exactly. In order to enforce the chain rule exactly, we modify equation (2.8.7) as:
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Here, ⌘t,↵ is a discrete consistency source which is defined as:
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which acts to enforce the chain rule shown in equation (2.8.15) exactly in the discrete. Note that unlike the
⌥

t,↵
factor which is a global (moment) quantity, ⌘t,↵ is a local term in phase-space (a function of v). With

⌘t,↵ defined as a source in the conservation equation, this does not rigorously enforce momentum conservation
in the discrete. In order to enforce momentum conservation, we redefine ⌥
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such as to absorb the new

truncation error arising from introducing ⌘t,↵:
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Verification studies
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Planar M=5 standing shock [3]
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M=5 planar steady state shock solution (SSS) comparison between iFP
(solid line) and reference solution from [3] (open circles). 

[3] F. Vidal et al., PoF B, 3182 (1993)
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Shock-tracking Lagrangian mesh 
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Test of Lagrangian mesh capability for a M=5 shock in lab frame. A good 
agreement in solutions between Lagrangian mesh and SSS is achieved. 
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• Key features
– Reflective and transmitted shock
– Reflective is weaker and transmitted is stronger than initial shock

Planar D-H shock across density jump
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iFP captures jump conditions correctly 
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• Key features
– Rarefaction wave and transmitted shock
– Transmitted shock is weaker than initial shock

Planar D-H shock across density drop
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iFP captures jump conditions correctly 
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Planar reflective shock calculation 

• Key features: Reflective shock weaker than initial shock
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iFP predicts the jump condition for 
reflective shock correctly
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1D2V: D-Al interface mixing [4]

Correct self similar solution [4] obtained for t>>τcol.
Test of implicit solver with D-Al interface problem with Δt = 4x104 τcol.
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[4] K. Molvig et al., PRL 113, 145001 (2014)
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Spherical geometry:
Guderley problem with finite Mach # [5]

r/R0
0 0.2 0.4 0.6 0.8 1

ρ
/ρ

0

0

5

10

15

20

25

30 t = 1e-08
t = 197.914
t = 451.515
t = 651.515

r/R0
0 0.2 0.4 0.6 0.8 1

u
/u

s,
0

-2

-1.5

-1

-0.5

0

0.5

t = 1e-08
t = 197.914
t = 451.515
t = 651.515

r/R0
0 0.2 0.4 0.6 0.8 1

P
/(

ρ
0
u
2 s,
0

)

0

5

10

15

20

25
t = 1e-08
t = 197.914
t = 451.515
t = 651.515

Incoming shock

Reflected shock

[5] A. Vallet et al., PoP 20, 082702 (2013)
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Future (physics) work

• Fuel stratification in planar shock (currently ongoing)

• Spherical implosion with fuel B.C. from hydro calculation 
(possible now)

• With improved preconditioning, a self-consistent 
evolution of fuel-pusher in capsule possible (summer~fall
2016)
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Questions?


